Abstract: Analyses and simulations of the coupled surge-and-heave motions of a nonlinear, moored, experimental, submerged structure subjected to random waves are presented here. The random wave excitations examined include periodic waves with additive noise and narrow-band random waves. Characteristic experimental results include noisy subharmonic and superharmonic responses, and transition behaviors among multiple coexisting responses. This investigation applies a systematic, stochastic analysis procedure to further the deterministic study presented in Part I. Good agreement between the analytical predictions and experimental results is shown. Effects of random perturbations in waves on nonlinear response phenomena are examined, especially for the cases of multiple responses coexisting with chaos. It is found that chaotic responses are sensitive and of weak strength compared to other coexisting responses, and the system response trajectories mainly stay in the stronger, periodic attracting domains. Numerical results indicate perturbation-induced response transitions leading to very large-amplitude response beyond the experimental model limitations.
II: Stochastic Analysis and Simulations Introduction
Stochastic responses of moored structures have been frequently observed in the ocean fields because field environments including wind, waves, and current often contain significant random components ͑e.g., Sarpkaya and Isaacson 1981; Naess and Johnsen 1993͒ . The moored structures are usually highly nonlinear in restoring forces and fluid-structure interactions, and their responses are often coupled. The presence of random wave components adds another degree of complexity in excitation and structural response, and necessitates a stochastic analysis of the randomly perturbed responses. However, due to the high degree of nonlinearity of the system involved, early studies had been conducted on simplified, single-degree-of-freedom ͑SDOF͒ models of only its predominant motion ͑e.g., surge͒ to keep analyses manageable. Wave excitations were often modeled by a simple sinusoidal function ͑e.g., Bernitsas and Chung 1990; Falzarano et al. 1992͒ . Analysis results of the deterministic, simplified model could shed some light in the complicated response characteristics of the physical structural system. Studies of SDOF models subjected to deterministic, periodic excitations had shown the existence of underlying organized transitions embedded in response bifurcation domains. These phenomena had been identified and facilitated a numerical search of possible routes to quasiperiodic and chaotic responses ͑e.g., Lin and Yim 2005; Yim and Lin 2005͒. Under the same system parameters with different initial conditions, coexisting ͑and competing͒ nonlinear ocean structural responses, had been found near resonances where local bifurcations occurred.
Other studies on SDOF models incorporated additive random components in the wave models, which had been carried out to take into account the random nature of wave excitations ͑e.g., Lin and Yim 1995͒ . The presence of random perturbations led to transition and interaction behaviors among coexisting response attractors. Others examined nonlinear responses subjected to spectrum-specified random waves ͑e.g., Hsieh et al. 1994͒ .
A preliminary deterministic study on surge-heave coupled model development and response-characteristic predictions was carried out by Gottlieb and Yim ͑1997͒. Highly nonlinear, complex responses were frequently observed in the simulations. Comparisons with field data and/or experimental results were to be conducted to validate analysis and numerical predictions.
Incorporating an independent-flow-field hydrodynamic formulation, an improved model governing coupled surge and heave motions is employed and validated in Part I of this two-part study. The investigation focuses on examining various response characteristics of coupled motions as well as sensitivity studies on some seemingly critical parameters. Analytical predictions are in good agreement with existing experimental results. Complex nonlinear responses, including chaos, are numerically observed under strong coupling and light damping.
This study represents a stochastic extension furthering the deterministic study in Part I. Here the coupled surge-and-heave experimental responses subjected to random wave excitations are examined. Excitations considered include periodic waves with perturbations and narrow-band random waves. A stochastic extension of two-degree-of-freedom ͑2DOF͒, independent-flowfield ͑IFF͒, Morison model governing coupled surge-and-heave motions is employed for numerical predictions and simulations. The 2DOF model consists of an IFF, Morison-type hydrodynamic drag, a three-term polynomial approximation of the nonlinear restoring force, and a nonlinear surge-heave coupling term. Randomly perturbed wave excitations are modeled as a dominant sinusoidal component with band-limited random perturbations ͑e.g., Lin and Yim 2005͒ . The additive random perturbations are approximated by linearly filtered white noise. An "optimal" set of constant system and hydrodynamic parameters has been identified in Part I ͑c.f., Table 1 in Part I͒ based on a frequency domain identification technique ͑e.g., Narayanan and Yim 2004; Yim and Narayanan 2004͒ . This set of parameters is employed here for all examinations and comparisons. Results comparisons and interpretations are conducted for all tests in the time, frequency, and probability domains. Observed transition behaviors are verified and interpreted based on time domain simulations and response probability density functions ͑PDFs͒ solved from the associated Fokker-Planck equation ͑FPE͒. The 2DOF FPE is derived and extended from its SDOF counterpart ͑Lin and Yim 2004͒. Based on numerical results examined, causes of experimentally observed very large-amplitude random responses beyond model limitations are identified, and the possibility of observing chaotic responses in the field is also assessed.
System Considered
Multipoint moored, submerged structural systems subjected to random wave excitations are experimentally modeled as a submerged sphere in a wave channel. The sphere is moored by elastic mooring cables with geometric nonlinearity. Random waves considered in this study, including both periodic waves with random perturbations and narrow-band waves, are generated with specified wave spectra by a flip-board wave generator. Experimental model setup and configuration were reported by Yim et al. ͑1993͒ . A brief description of the experiment is summarized in Part I.
As discussed in Part I, because of the direction of incident waves and symmetry of experimental configuration, the sphere's movement was predominantly in a two-dimensional ͑surge and heave͒ fashion with negligible roll motions. Four measurements ͑Channels 11 and 14-16͒ of the sphere's movements were decomposed into surge-and-heave components for analyses and comparisons. Measurements of the wave gage at 0.46 m upstream of the sphere are chosen to estimate incident wave conditions.
Equations of Motion
Employing ͑independent-flow-field͒ Morison damping, the equations of the surge-and-heave coupled motions of the cable-moored system subjected to stochastic wave excitations are derived as
where M = mass of the structure; and x s , ẋ s , x h , and ẋ h denote the surge displacement and velocity, and heave displacement and velocity, respectively. R 1 and R 3 = nonlinear restoring forces.
Note that indices 1 and 3 represent the components in surge and heave, respectively. C S1 and C S3 denote the effective ͑linear͒ system damping coefficients ͑= S1,3 C CR1,3 ; S1,3 = damping ratio and C CR1,3 = critical damping͒; C D1 Ј and C D3 Ј = hydrodynamic damping coefficients; C 13 and C 31 = coupling coefficients of surge and heave; and F D1,3 and F I1,3 = drag and inertial components of the exciting force, respectively ͓cf. Eqs. ͑3͒ and ͑4͒ in Part I͔.
Taking into account the stochastic nature in the wave excitations observed and considered in the experiment, a wave model of combined periodic wave component with filtered white noise perturbations is employed. Eq. ͑1͒ can be then rewritten as
where C d1,3 ϭhydrodynamic viscous drag coefficients; C s1,3 ϭstructural damping coefficients; and u 1 and u 3 = water particle velocities in surge and heave, respectively. Wave amplitude, and phase are represented by A 1,3 , , and 1,3 , respectively. Polynomial approximations of restoring forces R 1 ͑x s1 ͒ and R 3 ͑x h1 ͒ are given as R 1 ͑x s1 ͒Хk 11 x s1 + k 12 x s1 2 + k 13 x s1 3 and R 3 ͑x h1 ͒Хk 31 x h1 + k 32 x h1 2 + k 33 x h1 3 . Symbols 1,3 ͑t͒, with variances 1,3 2 approximating the stochastic component in the waves are narrow-band processes, which can be obtained from a linearly filtered white noise. The linear filter is given by
where ␤ n1,3 denote spectral bandwidth parameters; f 1,3 = peak frequencies; and 1,3 = delta-correlated white noises of unity intensities 1 and 3 , respectively. The wave excitation model describes the randomly perturbed periodic waves, and may also approximate narrow-band random waves with very narrow bandwidths. Response characteristics subjected to narrow-band random waves with slight randomnesscaused variations and/or transitions ͑e.g., Falzarano et al. 1992͒ may closely follow their deterministic counterparts, which are subjected to monochromatic waves of spectral peak frequency. 
Fokker-Planck Equation
where
P͑X,t͒ = P͑x 1 ,x 2 ,x 3 ,x 4 ,x 5 ,x 6 ,x 7 ,x 8 ,t͒ ͑ 4b͒
and the path-integral solution is given by
where G͑X j+1 , X j , t j , dt͒ = short-time propagator. Response PDF P͑X , t͒ can be obtained by applying Eq. ͑4c͒ iteratively.
Numerical Implementation
Using a multidimensional histogram representation for the PDF, the path sum ͓Eq. ͑4c͔͒ can be evaluated numerically. The probability domain at time t is discretized into a finite number of elements. The short time propagator G͑X j+1 , X j , t j , dt͒ is also discretized into a short-time transition tensor T kl ͑dt͒. The PDF of N state variables at time t + dt can be evaluated by summing all the probability mass propagated from time t ͑and normalized afterward͒ ͑e.g., Lin and Yim 1995͒
and paired state-variable domain ͑e.g., x 1 -x 2 ͒. When we performed the numerical work, all the 2DOF, PDF computations are conducted on an Ultra Sparc 80 workstation with dual processors of 450 MHz each. The typical run time for ten cycles of the dominant period is, on the average, over 400 h in real time under a single user mode. With faster machines available to date, the expected run time is still expected to be on the order of 100 h.
Experimental Results and Comparisons

Observations
A total 6 2DOF experimental tests subjected to various random wave excitations were performed, including five tests subjected to periodic waves with random perturbations ͑E09, E11-12, and E14-15͒, and one test ͑E10͒ subjected to narrow-band random waves ͑Yim et al. 1993͒. For the tests of randomly perturbed periodic wave excitations, wave periods were chosen near the subharmonic ͑2.22 s͒ and superharmonic ͑6.67 s͒ resonances to examine in detail the effects of random perturbations on these two nonlinear responses. The variances 2 of random perturbations varied from 10 to 40% of the energy of the dominant periodic component. For the only test of narrow-band random wave excitation, the dominant wave period is near the subharmonic domain ͑i.e., 2.2 s͒ to examine transition behaviors induced by the variation in the excitation amplitude and frequency. A brief summary of these tests can be found in Tables 1 and 2. Wave profile, and typical noisy subharmonic surge and heave responses ͑Test E12͒ are shown in Figs. 1͑a, b , and c͒. Noiseinduced variations in the wave amplitude are noted ͓Fig. 1͑a͔͒, and notable subharmonic components in response are observed between 430 and 500 s as shown in Figs. 1͑b and c͒. Figs. 2͑a, b , and c͒, respectively, show the wave profile, and typical noisy superharmonic surge and heave responses ͑Test E15͒. Noiseinduced, high frequency disturbance is noted in the wave profile ͓Fig. 2͑a͔͒, and both surge and heave responses show smoother superharmonic components ͓Figs. 2͑b and c͔͒. Note that the surge motion is of large amplitude in comparison with the heave, therefore the most dominant DOF. Similar response characteristics in the surge-and-heave motions indicate a high degree of correlation.
The wave profile of a narrow-band random excitation and the time history of response ͑Test E10͒ are shown in Figs. 3͑a and b͒, respectively. It is noted that the ͑sphere͒ response behaves in a narrow-band random fashion for about the first 900 s, and then transitions to a relatively large amplitude response. The test was terminated at around 1,000 s because the response amplitude exceeds the experimental model limitations. Possible causes of the transitions will be examined in a later section. 
Comparisons in Frequency Domain
Employing the "optimal" set of constant coefficients identified from the 2DOF, deterministic model ͑cf. Table 1 in Part I͒, the simulations and experimental results are compared in the frequency domain.
Comparisons have been performed on all test results, and overall good agreement is observed. Due to paper length limitation, only selected representative test results are presented here for demonstration purposes. Response characteristics of each test, and discrepancies between predictions and experimental results, are also discussed below.
Comparisons of noisy subharmonic simulations and experimental results ͑Test E12͒ in both surge and heave displacements are shown in Figs. 4͑a and b͒. The wave height varies between around 0.47 and 0.55 m, and the wave frequency is 0.45 Hz. It is shown that the simulations of surge and heave are in good agreement with experimental results. However, it is noted that the harmonic response component ͑smaller amplitude component͒ is not perfectly in line with the experimental results.
Comparisons of a noisy superharmonic simulation and experimental results ͑Test E15͒ in both surge and heave displacements are shown in Figs. 5͑a and b͒. The wave height varies between around 0.26 and 0.4 m with the wave frequency at 0.15 Hz. It is observed that the spectra of the simulations of surge and heave are in good agreement with experimental results. Discrepancies between predictions and experimental results in the details of the response characteristics are observed. Small adjustments in the system parameters for better agreement are also noted, and higher frequency dependency in hydrodynamic parameters in the lower frequency range is hence indicated.
Numerical Predictions
Frequency Response Diagram
The frequency response diagram presented in Figs. 6͑a and b͒ in Part I, consisting of simulations subjected to deterministic wave conditions, is employed here to interpret stochastic, experimental, transitional response characteristics. The frequency response diagrams obtained by numerical simulations indicate an intricate nature of system response in both surge and heave displacements. Both experimental and numerical results indicate that the 2DOF model is lightly damped and strongly coupled in surge and heave motions. As shown in the diagrams in Part I, a secondary, superharmonic resonance ͑tilting to the left͒ is indicated by a hump in the low frequency range near 0.15 Hz. In the frequency range, superharmonic response is observed experimentally and verified numerically. Another hump is shown near 0.35 Hz, which The primary resonance ͑tilting to the right͒ is found to be located near 0.25 Hz. In the frequency range of 0.5-0.8 Hz, multiple steady-state responses, including chaos are predicted to coexist. The coexisting surge and heave responses near a frequency of 0.71 Hz are shown in the Poincaré map in Figs. 6͑a and b͒, respectively. Five various, distinct characteristic responses, including subharmonics, chaos, small, medium, and large amplitude harmonics are found. The highly nonlinear chaotic response shows random-like characteristics in its time history and a fractal nature in its attractor captured on the Poincaré map as shown in Figs. 6͑a and b͒. Another secondary, subharmonic resonance ͑tilting to the right͒ is found to be located near 0.5 Hz. Multiple responses are also found to coexist near the subharmonic frequency range.
Probability Domain
The contour map and three-dimensional ͑3D͒ presentation of the multiple coexisting surge response PDFs of wave frequency near 0.71 Hz, including subharmonics, chaos, small, medium, and large amplitude harmonics are shown in Figs. 7͑a and b͒, respectively. The PDFs reflect the noise-bridged, coexisting subharmonic, small, medium, and large-amplitude harmonic responses. The presence of noise perturbations bridges the coexisting response attractors, and the concentrations in the PDF reflect the relative ͑competing͒ strength of each attractor ͑Lin and Yim 1995͒. Note that the chaotic attractor is not captured in the PDF, which indicates that the chaotic response is of the weakest competing strength ͑probability mass relatively negligible͒ among the coexisting attractors. Based on the numerical results in Part I, the deterministic chaotic response exists when the damping is very weak ͑1% of the critical damping͒. It is also noted that the discretizations employed in computing response PDF using the path integral solution ͓Eqs. 5͑a͒ and 5͑b͔͒ may impose additional damping in the numerical model. The additional damping may further decrease the strength of the attractor and/or hinder its occurrence.
Therefore, in spite of the fact that chaotic responses are numerically predicted to exist in the deterministic 2DOF moored structural system, they may not be observed in the large-scale experiments or fields because of their sensitivity and weak competing strength. The transition behaviors of the multiple coexisting ͑competing͒ attractors are further examined in the time domain in the following subsection.
Noise-Induced Transitions
Transitions among coexisting response characteristics near a wave frequency of 0.71 Hz ͓cf. Figs. 6͑a and b͔͒ caused by the As shown in Fig. 3 , in the test subjected to narrow-band random wave excitations, the response remains in a narrow-band steady state for about 900 s, and then transitions to a relatively large-amplitude response exceeding experimental configuration limitations. The observation can be interpreted based on the wave-and-response amplitude diagram shown in Fig. 9 . The diagram is comprised of deterministic simulations of responses subjected to wave excitations with fixed frequency ͑ϳ0.45 Hz͒ and varied amplitude from 0.01 to 0.75 m. Twenty five initial conditions are employed at each and every specified wave excitation condition. It is shown that the multiple response amplitudes exist when the wave amplitude is within 0.05-0.35 and 0.43-0.75 m. The test subjected to narrow-band random waves in Fig. 3 shows that the wave amplitude fluctuates between ϳ0.075 and 0.5 m. When the wave amplitude reaches near 0.5 m, there is the possibility, depending on initial conditions, that the sphere reaches the large amplitude response ͑existing when the wave amplitude is within 0.43-0.75 m͒. Therefore, when the narrowband wave amplitude reaches near 0.5 m, the experimental response as shown in Fig. 3 tends to transition into the largeamplitude attractor exceeding the model configuration limitations as observed.
Concluding Remarks
Analyses 
